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In collisional thermometry, a system in contact with the thermal bath is probed by a stream of
ancillas. Coherences and collective measurements were shown to improve the Fisher information
in some parameter regimes, for a stream of independent and identically prepared (i.i.d.) ancillas
in some specific states [Seah et al., Phys. Rev. Lett. 123, 180602 (2019)]. Here we refine the
analysis of this metrological advantage by optimising over the possible input ancilla states, also for
block-i.i.d. states of block size b = 2. For both an indirect measurement interaction and a coherent
energy exchange channel, we show when the thermal Crame´r-Rao bound can be beaten, and when
a collective measurement of N > 1 ancilla may return advantages over single-copy measurements.
I. INTRODUCTION
Quantum metrology aims to exploit quantum resources
such as entanglement[1–3] and coherence[4–6] to en-
hance measurement protocols beyond the classical limit.
One of the more recent focus is the application of the
framework of parameter estimation in the context of
thermometry[7–14].
In classical thermometry, a thermometer thermalized
to its environment would have a precision described by
the thermal Crame´r-Rao bound[10, 11], which is depen-
dent on its heat capacity. Once we move to the quantum
regime, the use of miniaturized systems as measurement
probes becomes desirable due to its reduced perturbative
effects on the environment. However, this also generally
means a lower precision due to the smaller heat capac-
ity. The hope is therefore to look for quantum advantages
that could arise from collective measurements of multiple
probes such that we outperform the thermal Crame´r-Rao
bound.
In this paper, we consider a collisional thermometry
model where a system acts as an intermediary of the en-
vironment through which a stream of i.i.d probes (or an-
cillas) measure the temperature. This was first proposed
in Ref. [12] where it was shown that it was possible to
surpass the thermal Crame´r-Rao bound from measure-
ment of a single ancilla. Here, we explore the optimal
strategies to beat this bound by considering in Sec. III a
standard indirect measurement interaction and in Sec. IV
a coherent energy exchange channel between the system
and probes. We show that it is indeed possible to sig-
nificantly surpass the thermal Crame´r-Rao bound with
both interactions, especially at high temperatures. The
advantage of the indirect measurement interaction lies
primarily in the fact that the optimal strategy is straight-
forward and independent of the temperature measured.
However, the enhancements possible via the energy ex-
change channel surpass that of the indirect measurement
even if the most optimal strategy requires knowledge of
the rough range of temperature of the environment. In
both cases, there is observable advantage with collective
measurements. Nevertheless, this effect becomes less sig-
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⇧
<latexit sha1_base64="QTcKA9eoEBYaxEX1a66IThpGBFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bN20O2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu 7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt7nfeUKleSwfzTRBP6IjyUPOqLHSQ7/JB9WaW3fnIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/NTZ+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97ufif10tNeO1nXCapQckWi8JUEBOT/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifPx3pjak=</latexit><latexit sha1_base64="QTcKA9eoEBYaxEX1a66IThpGBFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bN20O2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu 7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt7nfeUKleSwfzTRBP6IjyUPOqLHSQ7/JB9WaW3fnIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/NTZ+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97ufif10tNeO1nXCapQckWi8JUEBOT/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifPx3pjak=</latexit><latexit sha1_base64="QTcKA9eoEBYaxEX1a66IThpGBFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bN20O2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu 7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt7nfeUKleSwfzTRBP6IjyUPOqLHSQ7/JB9WaW3fnIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/NTZ+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97ufif10tNeO1nXCapQckWi8JUEBOT/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifPx3pjak=</latexit><latexit sha1_base64="QTcKA9eoEBYaxEX1a66IThpGBFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bN20O2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu 7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt7nfeUKleSwfzTRBP6IjyUPOqLHSQ7/JB9WaW3fnIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/NTZ+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97ufif10tNeO1nXCapQckWi8JUEBOT/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifPx3pjak=</latexit>
⇧
<latexit sha1_base64="QTcKA9eoEBYaxEX1a66IThpGBFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bN20O2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu 7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt7nfeUKleSwfzTRBP6IjyUPOqLHSQ7/JB9WaW3fnIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/NTZ+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97ufif10tNeO1nXCapQckWi8JUEBOT/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifPx3pjak=</latexit><latexit sha1_base64="QTcKA9eoEBYaxEX1a66IThpGBFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bN20O2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu 7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt7nfeUKleSwfzTRBP6IjyUPOqLHSQ7/JB9WaW3fnIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/NTZ+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97ufif10tNeO1nXCapQckWi8JUEBOT/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifPx3pjak=</latexit><latexit sha1_base64="QTcKA9eoEBYaxEX1a66IThpGBFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bN20O2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu 7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt7nfeUKleSwfzTRBP6IjyUPOqLHSQ7/JB9WaW3fnIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/NTZ+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97ufif10tNeO1nXCapQckWi8JUEBOT/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifPx3pjak=</latexit><latexit sha1_base64="QTcKA9eoEBYaxEX1a66IThpGBFc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bN20O2vpg4PHeDDPzgkRwbVz32ymtrW9sbpW3Kzu 7e/sH1cOjto5TxbDFYhGrbkA1Ci6xZbgR2E0U0igQ2Akmt7nfeUKleSwfzTRBP6IjyUPOqLHSQ7/JB9WaW3fnIKvEK0gNCjQH1a/+MGZphNIwQbXueW5i/Iwqw5nAWaWfakwom9AR9iyVNELtZ/NTZ+TMKkMSxsqWNGSu/p7IaKT1NApsZ0TNWC97ufif10tNeO1nXCapQckWi8JUEBOT/G8y5AqZEVNLKFPc3krYmCrKjE2nYkPwll9eJe2LuufWvfvLWuOmiKMMJ3AK5+DBFTTgDprQAgYjeIZXeHOE8+K8Ox+L1pJTzBzDHzifPx3pjak=</latexit>
b = 2
<latexit sha1_base64="MVf+/qZP0n1QLS7Sr3SO5qh2wto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0mKoBel4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPQTXtX654l bdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiW tWtVzq979RaV+k8dRhBM4hXPw4BLqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx+2w41l</latexit><latexit sha1_base64="MVf+/qZP0n1QLS7Sr3SO5qh2wto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0mKoBel4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPQTXtX654l bdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiW tWtVzq979RaV+k8dRhBM4hXPw4BLqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx+2w41l</latexit><latexit sha1_base64="MVf+/qZP0n1QLS7Sr3SO5qh2wto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0mKoBel4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPQTXtX654l bdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiW tWtVzq979RaV+k8dRhBM4hXPw4BLqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx+2w41l</latexit><latexit sha1_base64="MVf+/qZP0n1QLS7Sr3SO5qh2wto=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0mKoBel4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPQTXtX654l bdOcgq8XJSgRyNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiW tWtVzq979RaV+k8dRhBM4hXPw4BLqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx+2w41l</latexit>
b = 1
<latexit sha1_base64="fB2QlimTA+wmVJBXahQcBcWFO8g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqBel4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6SG49vrlilt 15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWR dVzq979ZaV+k8dRhBM4hXPwoAZ1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1P41k</latexit><latexit sha1_base64="fB2QlimTA+wmVJBXahQcBcWFO8g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqBel4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6SG49vrlilt 15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWR dVzq979ZaV+k8dRhBM4hXPwoAZ1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1P41k</latexit><latexit sha1_base64="fB2QlimTA+wmVJBXahQcBcWFO8g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqBel4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6SG49vrlilt 15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWR dVzq979ZaV+k8dRhBM4hXPwoAZ1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1P41k</latexit><latexit sha1_base64="fB2QlimTA+wmVJBXahQcBcWFO8g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEqBel4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6SG49vrlilt 15yCrxMtJBXI0+uWv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjlZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5LWR dVzq979ZaV+k8dRhBM4hXPwoAZ1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w+1P41k</latexit>
N = 1
<latexit sha1_base64="W73gj2j9Bgtln/8/IT707Eq5AwE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lE0ItS8OJJKtoPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2h0jyWj2acoB/RgeQhZ9RY6eHuyuuV K27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x 5WXSPKt6btW7P6/UrvM4inAEx3AKHlxADW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDlseNUA==</latexit><latexit sha1_base64="W73gj2j9Bgtln/8/IT707Eq5AwE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lE0ItS8OJJKtoPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2h0jyWj2acoB/RgeQhZ9RY6eHuyuuV K27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x 5WXSPKt6btW7P6/UrvM4inAEx3AKHlxADW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDlseNUA==</latexit><latexit sha1_base64="W73gj2j9Bgtln/8/IT707Eq5AwE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lE0ItS8OJJKtoPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2h0jyWj2acoB/RgeQhZ9RY6eHuyuuV K27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x 5WXSPKt6btW7P6/UrvM4inAEx3AKHlxADW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDlseNUA==</latexit><latexit sha1_base64="W73gj2j9Bgtln/8/IT707Eq5AwE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbB U0lE0ItS8OJJKtoPaEPZbCft0s0m7G6EEvoTvHhQxKu/yJv/xm2bg7Y+GHi8N8PMvCARXBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Ubz2h0jyWj2acoB/RgeQhZ9RY6eHuyuuV K27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x 5WXSPKt6btW7P6/UrvM4inAEx3AKHlxADW6hDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDlseNUA==</latexit>
N = 2
<latexit sha1_base64="ARON7rvl4o11Z4TEOLbzKQQjeI0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4 KkkR9KIUvHiSivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HB3Ve2 Vym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NTp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdIo2BG/ x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDmEuNUQ==</latexit><latexit sha1_base64="ARON7rvl4o11Z4TEOLbzKQQjeI0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4 KkkR9KIUvHiSivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HB3Ve2 Vym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NTp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdIo2BG/ x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDmEuNUQ==</latexit><latexit sha1_base64="ARON7rvl4o11Z4TEOLbzKQQjeI0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4 KkkR9KIUvHiSivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HB3Ve2 Vym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NTp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdIo2BG/ x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDmEuNUQ==</latexit><latexit sha1_base64="ARON7rvl4o11Z4TEOLbzKQQjeI0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4 KkkR9KIUvHiSivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HB3Ve2 Vym7FnYEsEy8nZchR75W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NTp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdIo2BG/ x5WXSrFY8t+Ldn5dr13kcBTiGEzgDDy6gBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDmEuNUQ==</latexit>
(b)
<latexit sha1_base64="JSOv0EqyMfEo80Iq3cXUL5AhUYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBEuh bsqMCLqSghuXFWwrtkPJpJk2NI8hyQhl6F+4caGIW//GnX9j2s5CWw8EDufkcs89UcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFR26hUE9oiiiv9EGFDOZO0ZZnl9CHRFIuI0040vpn5nSeqDVPy3k4SGgo8lCxmBFsnPdaynhY omqKzfrni1/050CoJclKBHM1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvPEU1R1ygDFSrsnLZqrvycyLIyZCBesKrAdmWVvJv7ndVMbX4UZk0lqqSSLRXHKkVVodj4aME2J5RNHMNHMZUVkhDUm1p VUciUEyyevkvZ5PfDrwd1FpXGd11GEEziFGgRwCQ24hSa0gICEZ3iFN894L96797H4WvDymWP4A+/zB1C0kAA=</latexit><latexit sha1_base64="JSOv0EqyMfEo80Iq3cXUL5AhUYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBEuh bsqMCLqSghuXFWwrtkPJpJk2NI8hyQhl6F+4caGIW//GnX9j2s5CWw8EDufkcs89UcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFR26hUE9oiiiv9EGFDOZO0ZZnl9CHRFIuI0040vpn5nSeqDVPy3k4SGgo8lCxmBFsnPdaynhY omqKzfrni1/050CoJclKBHM1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvPEU1R1ygDFSrsnLZqrvycyLIyZCBesKrAdmWVvJv7ndVMbX4UZk0lqqSSLRXHKkVVodj4aME2J5RNHMNHMZUVkhDUm1p VUciUEyyevkvZ5PfDrwd1FpXGd11GEEziFGgRwCQ24hSa0gICEZ3iFN894L96797H4WvDymWP4A+/zB1C0kAA=</latexit><latexit sha1_base64="JSOv0EqyMfEo80Iq3cXUL5AhUYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBEuh bsqMCLqSghuXFWwrtkPJpJk2NI8hyQhl6F+4caGIW//GnX9j2s5CWw8EDufkcs89UcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFR26hUE9oiiiv9EGFDOZO0ZZnl9CHRFIuI0040vpn5nSeqDVPy3k4SGgo8lCxmBFsnPdaynhY omqKzfrni1/050CoJclKBHM1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvPEU1R1ygDFSrsnLZqrvycyLIyZCBesKrAdmWVvJv7ndVMbX4UZk0lqqSSLRXHKkVVodj4aME2J5RNHMNHMZUVkhDUm1p VUciUEyyevkvZ5PfDrwd1FpXGd11GEEziFGgRwCQ24hSa0gICEZ3iFN894L96797H4WvDymWP4A+/zB1C0kAA=</latexit><latexit sha1_base64="JSOv0EqyMfEo80Iq3cXUL5AhUYw=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBEuh bsqMCLqSghuXFWwrtkPJpJk2NI8hyQhl6F+4caGIW//GnX9j2s5CWw8EDufkcs89UcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFR26hUE9oiiiv9EGFDOZO0ZZnl9CHRFIuI0040vpn5nSeqDVPy3k4SGgo8lCxmBFsnPdaynhY omqKzfrni1/050CoJclKBHM1++as3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvPEU1R1ygDFSrsnLZqrvycyLIyZCBesKrAdmWVvJv7ndVMbX4UZk0lqqSSLRXHKkVVodj4aME2J5RNHMNHMZUVkhDUm1p VUciUEyyevkvZ5PfDrwd1FpXGd11GEEziFGgRwCQ24hSa0gICEZ3iFN894L96797H4WvDymWP4A+/zB1C0kAA=</latexit>
(c)
<latexit sha1_base64="ui9+CRHiMdVg9/tN6NkW4g9ownY=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL2 VXBD1JwYvHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHuwkYYEkQ8UjTol10mM162mJ6RSf 98sVr+bNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTa/eIrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz97HA64ZtWLiCKGau1sxHRFNqHUhlVwI/v LLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaCg4Ble4Q0Z9ILe0ceitYDymWP4A/T5A1I7kAE=</latexit><latexit sha1_base64="ui9+CRHiMdVg9/tN6NkW4g9ownY=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL2 VXBD1JwYvHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHuwkYYEkQ8UjTol10mM162mJ6RSf 98sVr+bNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTa/eIrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz97HA64ZtWLiCKGau1sxHRFNqHUhlVwI/v LLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaCg4Ble4Q0Z9ILe0ceitYDymWP4A/T5A1I7kAE=</latexit><latexit sha1_base64="ui9+CRHiMdVg9/tN6NkW4g9ownY=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL2 VXBD1JwYvHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHuwkYYEkQ8UjTol10mM162mJ6RSf 98sVr+bNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTa/eIrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz97HA64ZtWLiCKGau1sxHRFNqHUhlVwI/v LLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaCg4Ble4Q0Z9ILe0ceitYDymWP4A/T5A1I7kAE=</latexit><latexit sha1_base64="ui9+CRHiMdVg9/tN6NkW4g9ownY=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BItQL2 VXBD1JwYvHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHuwkYYEkQ8UjTol10mM162mJ6RSf 98sVr+bNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTa/eIrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz97HA64ZtWLiCKGau1sxHRFNqHUhlVwI/v LLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaCg4Ble4Q0Z9ILe0ceitYDymWP4A/T5A1I7kAE=</latexit>
(d)
<latexit sha1_base64="+hnsD2p9Gcyh8WRJXRJy/nM+G5w=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBah Xkoigp6k4MVjBfuBbSibzaZdursJuxuhhP4LLx4U8eq/8ea/cZvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG7nfveJKs1i+WCmCfUFHkkWMYKNlR7r2UA JFM7Q+bBacxtuDrRKvILUoEBrWP0ahDFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8on1LJRZU+1l+8QydWSVEUaxsSYNy9fdEhoXWUxHYToHNWC97c/E/r5+a6NrPmExSQyVZLIpSjkyM5u+jkClKDJ9agoli9lZExlhhYm xIFRuCt/zyKulcNDy34d1f1po3RRxlOIFTqIMHV9CEO2hBGwhIeIZXeHO08+K8Ox+L1pJTzBzDHzifP1PCkAI=</latexit><latexit sha1_base64="+hnsD2p9Gcyh8WRJXRJy/nM+G5w=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBah Xkoigp6k4MVjBfuBbSibzaZdursJuxuhhP4LLx4U8eq/8ea/cZvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG7nfveJKs1i+WCmCfUFHkkWMYKNlR7r2UA JFM7Q+bBacxtuDrRKvILUoEBrWP0ahDFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8on1LJRZU+1l+8QydWSVEUaxsSYNy9fdEhoXWUxHYToHNWC97c/E/r5+a6NrPmExSQyVZLIpSjkyM5u+jkClKDJ9agoli9lZExlhhYm xIFRuCt/zyKulcNDy34d1f1po3RRxlOIFTqIMHV9CEO2hBGwhIeIZXeHO08+K8Ox+L1pJTzBzDHzifP1PCkAI=</latexit><latexit sha1_base64="+hnsD2p9Gcyh8WRJXRJy/nM+G5w=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBah Xkoigp6k4MVjBfuBbSibzaZdursJuxuhhP4LLx4U8eq/8ea/cZvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG7nfveJKs1i+WCmCfUFHkkWMYKNlR7r2UA JFM7Q+bBacxtuDrRKvILUoEBrWP0ahDFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8on1LJRZU+1l+8QydWSVEUaxsSYNy9fdEhoXWUxHYToHNWC97c/E/r5+a6NrPmExSQyVZLIpSjkyM5u+jkClKDJ9agoli9lZExlhhYm xIFRuCt/zyKulcNDy34d1f1po3RRxlOIFTqIMHV9CEO2hBGwhIeIZXeHO08+K8Ox+L1pJTzBzDHzifP1PCkAI=</latexit><latexit sha1_base64="+hnsD2p9Gcyh8WRJXRJy/nM+G5w=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBah Xkoigp6k4MVjBfuBbSibzaZdursJuxuhhP4LLx4U8eq/8ea/cZvmoK0PBh7vzTAzL0g408Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VYS2Scxj1QuwppxJ2jbMcNpLFMUi4LQbTG7nfveJKs1i+WCmCfUFHkkWMYKNlR7r2UA JFM7Q+bBacxtuDrRKvILUoEBrWP0ahDFJBZWGcKx133MT42dYGUY4nVUGqaYJJhM8on1LJRZU+1l+8QydWSVEUaxsSYNy9fdEhoXWUxHYToHNWC97c/E/r5+a6NrPmExSQyVZLIpSjkyM5u+jkClKDJ9agoli9lZExlhhYm xIFRuCt/zyKulcNDy34d1f1po3RRxlOIFTqIMHV9CEO2hBGwhIeIZXeHO08+K8Ox+L1pJTzBzDHzifP1PCkAI=</latexit>
(a)
<latexit sha1_base64="BHSLMJfJYiwOEVE2gFQqDXwngjk=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BI tQL2VXBD1JwYvHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHuwkYYEkQ8UjTol10 mM162mJyRSf98sVr+bNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTa/eIrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz97HA64ZtWLiCKGa u1sxHRFNqHUhlVwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaCg4Ble4Q0Z9ILe0ceitYDymWP4A/T5A08tj/8=</latexit><latexit sha1_base64="BHSLMJfJYiwOEVE2gFQqDXwngjk=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BI tQL2VXBD1JwYvHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHuwkYYEkQ8UjTol10 mM162mJyRSf98sVr+bNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTa/eIrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz97HA64ZtWLiCKGa u1sxHRFNqHUhlVwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaCg4Ble4Q0Z9ILe0ceitYDymWP4A/T5A08tj/8=</latexit><latexit sha1_base64="BHSLMJfJYiwOEVE2gFQqDXwngjk=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BI tQL2VXBD1JwYvHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHuwkYYEkQ8UjTol10 mM162mJyRSf98sVr+bNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTa/eIrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz97HA64ZtWLiCKGa u1sxHRFNqHUhlVwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaCg4Ble4Q0Z9ILe0ceitYDymWP4A/T5A08tj/8=</latexit><latexit sha1_base64="BHSLMJfJYiwOEVE2gFQqDXwngjk=">AAAB8XicbVBNSwMxEJ3Ur1q/qh69BI tQL2VXBD1JwYvHCvYD26Vk02wbmmSXJCuUpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxPBjfW8b1RYW9/Y3Cpul3Z29/YPyodHLROnmrImjUWsOyExTHDFmpZbwTqJZkSGgrXD8e3Mbz8xbXisHuwkYYEkQ8UjTol10 mM162mJyRSf98sVr+bNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTa/eIrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz97HA64ZtWLiCKGa u1sxHRFNqHUhlVwI/vLLq6R1UfO9mn9/Wanf5HEU4QROoQo+XEEd7qABTaCg4Ble4Q0Z9ILe0ceitYDymWP4A/T5A08tj/8=</latexit>
An
<latexit sha1_base64="7e4fYdj165NDFHjceizP9GSvY3A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbB U0lE0JNUvHisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38389hPXRiTqEScpD2I6VCISjKKV/Nt+rq b9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nY ELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB14uOrg==</latexit><latexit sha1_base64="7e4fYdj165NDFHjceizP9GSvY3A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbB U0lE0JNUvHisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38389hPXRiTqEScpD2I6VCISjKKV/Nt+rq b9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nY ELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB14uOrg==</latexit><latexit sha1_base64="7e4fYdj165NDFHjceizP9GSvY3A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbB U0lE0JNUvHisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38389hPXRiTqEScpD2I6VCISjKKV/Nt+rq b9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nY ELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB14uOrg==</latexit><latexit sha1_base64="7e4fYdj165NDFHjceizP9GSvY3A=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbB U0lE0JNUvHisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38389hPXRiTqEScpD2I6VCISjKKV/Nt+rq b9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6DnKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nY ELzll1dJ66LuuXXv4bLWuCniKMMJnMI5eHAFDbiHJvjAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwB14uOrg==</latexit>
An+1
<latexit sha1_base64="4EnENcSSNVScP8HQGZaOnk/ilqU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZB EEoiBT1JxYvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYPeIk4X5Eh0qEglG0Uvu2n6 kLb9ovV9yqOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2o ZINwVt+eZW0LqueW/UeapX6TR5HEU7gFM7Bgyuowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4AsH2PHg==</latexit><latexit sha1_base64="4EnENcSSNVScP8HQGZaOnk/ilqU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZB EEoiBT1JxYvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYPeIk4X5Eh0qEglG0Uvu2n6 kLb9ovV9yqOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2o ZINwVt+eZW0LqueW/UeapX6TR5HEU7gFM7Bgyuowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4AsH2PHg==</latexit><latexit sha1_base64="4EnENcSSNVScP8HQGZaOnk/ilqU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZB EEoiBT1JxYvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYPeIk4X5Eh0qEglG0Uvu2n6 kLb9ovV9yqOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2o ZINwVt+eZW0LqueW/UeapX6TR5HEU7gFM7Bgyuowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4AsH2PHg==</latexit><latexit sha1_base64="4EnENcSSNVScP8HQGZaOnk/ilqU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZB EEoiBT1JxYvHCvYD2lA22027dLMJuxOhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etUycasabLJax7gTUcCkUb6JAyTuJ5jQKJG8H47uZ337i2ohYPeIk4X5Eh0qEglG0Uvu2n6 kLb9ovV9yqOwdZJV5OKpCj0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfu6UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGa/k4HQnKGcWEKZFvZWwkZUU4Y2o ZINwVt+eZW0LqueW/UeapX6TR5HEU7gFM7Bgyuowz00oAkMxvAMr/DmJM6L8+58LFoLTj5zDH/gfP4AsH2PHg==</latexit>
An 1
<latexit sha1_base64="r2LfL4Np1AizbvXKM0nBvUj1riU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBi yWRgp6k4sVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8d3Mbz9xbUSsHnGScD+iQyVCwShaqX3bz9SFN+2 XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/v Epal1XPrXoPtUr9Jo+jCCdwCufgwRXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8As4mPIA==</latexit><latexit sha1_base64="r2LfL4Np1AizbvXKM0nBvUj1riU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBi yWRgp6k4sVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8d3Mbz9xbUSsHnGScD+iQyVCwShaqX3bz9SFN+2 XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/v Epal1XPrXoPtUr9Jo+jCCdwCufgwRXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8As4mPIA==</latexit><latexit sha1_base64="r2LfL4Np1AizbvXKM0nBvUj1riU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBi yWRgp6k4sVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8d3Mbz9xbUSsHnGScD+iQyVCwShaqX3bz9SFN+2 XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/v Epal1XPrXoPtUr9Jo+jCCdwCufgwRXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8As4mPIA==</latexit><latexit sha1_base64="r2LfL4Np1AizbvXKM0nBvUj1riU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBi yWRgp6k4sVjBfsBbSib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8d3Mbz9xbUSsHnGScD+iQyVCwShaqX3bz9SFN+2 XK27VnYOsEi8nFcjR6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrqaIRN342P3dKzqwyIGGsbSkkc/X3REYjYyZRYDsjiiOz7M3E/7xuiuG1nwmVpMgVWywKU0kwJrPfyUBozlBOLKFMC3srYSOqKUObUMmG4C2/v Epal1XPrXoPtUr9Jo+jCCdwCufgwRXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8As4mPIA==</latexit>
HSAn
<latexit sha1_base64="e8vaXYVCne9L6LIxd2c+sEUcS/E=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4K okIepKKlx4r2g9oQ9hsp+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIWj26nfekKleSwfzDhBP6IDyfucUWOldi3I7m8COQl KZbfizkCWiZeTMuSoB6Wvbi9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7Wezeyfk1Co90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif14nNf0rP+MySQ1KNl/UTwUxMZk+T3pcITNibAllittbCRtSRZmxERVtCN7iy 8ukeV7x3Ip3d1GuXudxFOAYTuAMPLiEKtSgDg1gIOAZXuHNeXRenHfnY9664uQzR/AHzucPx6qPxg==</latexit><latexit sha1_base64="e8vaXYVCne9L6LIxd2c+sEUcS/E=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4K okIepKKlx4r2g9oQ9hsp+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIWj26nfekKleSwfzDhBP6IDyfucUWOldi3I7m8COQl KZbfizkCWiZeTMuSoB6Wvbi9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7Wezeyfk1Co90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif14nNf0rP+MySQ1KNl/UTwUxMZk+T3pcITNibAllittbCRtSRZmxERVtCN7iy 8ukeV7x3Ip3d1GuXudxFOAYTuAMPLiEKtSgDg1gIOAZXuHNeXRenHfnY9664uQzR/AHzucPx6qPxg==</latexit><latexit sha1_base64="e8vaXYVCne9L6LIxd2c+sEUcS/E=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4K okIepKKlx4r2g9oQ9hsp+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIWj26nfekKleSwfzDhBP6IDyfucUWOldi3I7m8COQl KZbfizkCWiZeTMuSoB6Wvbi9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7Wezeyfk1Co90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif14nNf0rP+MySQ1KNl/UTwUxMZk+T3pcITNibAllittbCRtSRZmxERVtCN7iy 8ukeV7x3Ip3d1GuXudxFOAYTuAMPLiEKtSgDg1gIOAZXuHNeXRenHfnY9664uQzR/AHzucPx6qPxg==</latexit><latexit sha1_base64="e8vaXYVCne9L6LIxd2c+sEUcS/E=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4K okIepKKlx4r2g9oQ9hsp+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6QaBZfYMNwIbCcKaRQKbIWj26nfekKleSwfzDhBP6IDyfucUWOldi3I7m8COQl KZbfizkCWiZeTMuSoB6Wvbi9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7Wezeyfk1Co90o+VLWnITP09kdFI63EU2s6ImqFe9Kbif14nNf0rP+MySQ1KNl/UTwUxMZk+T3pcITNibAllittbCRtSRZmxERVtCN7iy 8ukeV7x3Ip3d1GuXudxFOAYTuAMPLiEKtSgDg1gIOAZXuHNeXRenHfnY9664uQzR/AHzucPx6qPxg==</latexit>
USA
<latexit sha1_base64="U61jZt1+jwAYfcOpcqKZyAOKY18=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0JNUvHisaNpCG8pmu2nXbnbD7kYoIf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpn67SeqNJPiwUwSGsR4KFjECDZWavn97P4671dr bt2dAS0TryA1KNDsV796A0nSmApDONa667mJCTKsDCOc5pVeqmmCyRgPaddSgWOqg2x2bY5OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URJdBxkSSGirIfFGUcmQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDqtgQvMWXl0n rrO65de/uvNa4KuIowxEcwyl4cAENuIUm+EDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9WZo7y</latexit><latexit sha1_base64="U61jZt1+jwAYfcOpcqKZyAOKY18=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0JNUvHisaNpCG8pmu2nXbnbD7kYoIf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpn67SeqNJPiwUwSGsR4KFjECDZWavn97P4671dr bt2dAS0TryA1KNDsV796A0nSmApDONa667mJCTKsDCOc5pVeqmmCyRgPaddSgWOqg2x2bY5OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URJdBxkSSGirIfFGUcmQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDqtgQvMWXl0n rrO65de/uvNa4KuIowxEcwyl4cAENuIUm+EDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9WZo7y</latexit><latexit sha1_base64="U61jZt1+jwAYfcOpcqKZyAOKY18=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0JNUvHisaNpCG8pmu2nXbnbD7kYoIf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpn67SeqNJPiwUwSGsR4KFjECDZWavn97P4671dr bt2dAS0TryA1KNDsV796A0nSmApDONa667mJCTKsDCOc5pVeqmmCyRgPaddSgWOqg2x2bY5OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URJdBxkSSGirIfFGUcmQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDqtgQvMWXl0n rrO65de/uvNa4KuIowxEcwyl4cAENuIUm+EDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9WZo7y</latexit><latexit sha1_base64="U61jZt1+jwAYfcOpcqKZyAOKY18=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0JNUvHisaNpCG8pmu2nXbnbD7kYoIf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpn67SeqNJPiwUwSGsR4KFjECDZWavn97P4671dr bt2dAS0TryA1KNDsV796A0nSmApDONa667mJCTKsDCOc5pVeqmmCyRgPaddSgWOqg2x2bY5OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URJdBxkSSGirIfFGUcmQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDqtgQvMWXl0n rrO65de/uvNa4KuIowxEcwyl4cAENuIUm+EDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9WZo7y</latexit>
USA
<latexit sha1_base64="U61jZt1+jwAYfcOpcqKZyAOKY18=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0JNUvHisaNpCG8pmu2nXbnbD7kYoIf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpn67SeqNJPiwUwSGsR4KFjECDZWavn97P4671dr bt2dAS0TryA1KNDsV796A0nSmApDONa667mJCTKsDCOc5pVeqmmCyRgPaddSgWOqg2x2bY5OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URJdBxkSSGirIfFGUcmQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDqtgQvMWXl0n rrO65de/uvNa4KuIowxEcwyl4cAENuIUm+EDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9WZo7y</latexit><latexit sha1_base64="U61jZt1+jwAYfcOpcqKZyAOKY18=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0JNUvHisaNpCG8pmu2nXbnbD7kYoIf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpn67SeqNJPiwUwSGsR4KFjECDZWavn97P4671dr bt2dAS0TryA1KNDsV796A0nSmApDONa667mJCTKsDCOc5pVeqmmCyRgPaddSgWOqg2x2bY5OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URJdBxkSSGirIfFGUcmQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDqtgQvMWXl0n rrO65de/uvNa4KuIowxEcwyl4cAENuIUm+EDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9WZo7y</latexit><latexit sha1_base64="U61jZt1+jwAYfcOpcqKZyAOKY18=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0JNUvHisaNpCG8pmu2nXbnbD7kYoIf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpn67SeqNJPiwUwSGsR4KFjECDZWavn97P4671dr bt2dAS0TryA1KNDsV796A0nSmApDONa667mJCTKsDCOc5pVeqmmCyRgPaddSgWOqg2x2bY5OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URJdBxkSSGirIfFGUcmQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDqtgQvMWXl0n rrO65de/uvNa4KuIowxEcwyl4cAENuIUm+EDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9WZo7y</latexit><latexit sha1_base64="U61jZt1+jwAYfcOpcqKZyAOKY18=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0 lE0JNUvHisaNpCG8pmu2nXbnbD7kYoIf/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vpn67SeqNJPiwUwSGsR4KFjECDZWavn97P4671dr bt2dAS0TryA1KNDsV796A0nSmApDONa667mJCTKsDCOc5pVeqmmCyRgPaddSgWOqg2x2bY5OrDJAkVS2hEEz9fdEhmOtJ3FoO2NsRnrRm4r/ed3URJdBxkSSGirIfFGUcmQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDqtgQvMWXl0n rrO65de/uvNa4KuIowxEcwyl4cAENuIUm+EDgEZ7hFd4c6bw4787HvLXkFDOH8AfO5w9WZo7y</latexit>
USA
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FIG. 1. (a) Schematic diagram of the collisional thermome-
try protocol where a stream of ancillas interacts sequentially
with a system S in contact with a thermal reservoir at temper-
ature T . (b)-(d) The system S is probed by incoming ancilla
states (orange) prepared in block sizes b = 1, 2 and the out-
going ancillas (red) are measured in block sizes N = 1, 2 after
the interaction. The interaction USA can build up correlation
(red lines) even if the initial ancillas are uncorrelated.
nificant in the limit of large number of ancillas.
II. FRAMEWORK
A. Collisional thermometry model
We consider a collisional thermometry protocol [12]
as sketched in Fig. 1. A system S in contact with a
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2thermal reservoir (“environment”) at temperature T in-
teracts with a stream of ancillas {A1, A2, . . . } one at a
time. One then measures the ancillas to gain information
about T . There is a lot of freedom in such a model. For
definiteness, in this paper we work under the following
assumptions:
1. The system and the ancillas are qubits with bare
Hamiltonians HS and HAn .
2. The stream of ancillas is periodic, each ancilla
arriving every time τ . Collisional models with
Poisson-distributed arrival times have been consid-
ered, though not in the context of thermometry[15–
17]
3. The ancillas are prepared in block-i.i.d. pure states
ΨA1...Ab = |ψ〉 〈ψ|, with block size b (for the results,
we shall focus on b = 1 and 2).
4. The coupling of the system with each ancilla is de-
scribed by the same two-body Hamiltonian HSAn .
5. The interaction of the system with each ancilla lasts
a definite time τSA, while in the remaining time
τ−τSA ≡ τSE the system is left only in contact with
the thermal environment. The interaction with the
ancilla is deemed strong enough, such that the ef-
fect of the environment can be neglected during
τSA.
Thus, the dynamics of the interaction of the system with
the (n+ 1)-th block of ancillas reads
ρSA1...Ab((n+ 1)b) = C [ρS(nb)⊗ΨA1...Ab ] (1)
with
C = ES ◦ USAb ◦ . . . ◦ ES ◦ USA1 , (2)
where USAn [ρ] = USAnρUSAn denotes the unitary evo-
lution induced by the total Hamiltonian H = HS +
HAn +HSAn , where HS,An are the bare system and an-
cilla Hamiltonians and ES [ρ] is the thermal map describ-
ing the coupling of the system and the environment.
In the limit of weak system-environment coupling, the
SE interaction can be described by a Born-Markov mas-
ter equation[16–18]
dρ˜
dt
= γ(n¯+ 1)D[σ−S ]ρ˜+ γn¯D[σ+S ]ρ˜ := L[ρ˜] , (3)
in the interaction picture where ρ˜ = eiHStρe−iHSt and
HS ∝ σz. Here, D[L]ρ = LρL† − 12{L†L, ρ}, γ is
the temperature-independent coupling constant and n¯ =
1/[exp(~Ω/kBT )−1] is the mean bath occupation number
at frequency Ω and temperature T . The thermal map is
then given by ES = eLτSE and would describe relaxation
of the system to a Gibbs state ρthS ∝ e−HS/kBT .
For each block of ancillas, the reduced state ρS of the
system evolves stroboscopically according to
ρS((n+1)b) = trA1...Ab {C [ρS(nb)⊗ΨA1...Ab ]} =: Φ
[
ρS(nb)
]
.
(4)
We shall focus on the steady state operation where
ρ∗S = Φ
[
ρ∗S
]
. In this case, the state of the ancillas af-
ter the interaction is also the same for each block, given
by ρ∗A1...Ab = trS {C [ρ∗S ⊗ΨA1...Ab ]}.
B. Temperature estimation
The amount of information one can extract about a
parameter T from a state ρ is described by first doing
a positive operator valued measurement (POVM) Πx on
the the state ρ. x here labels the outcome of the mea-
surement. From the resulting probability distribution
p(x) = tr{Πxρ} one can compute the classical Fisher
information (CFI)
F (Π, T, ρ) =
∑
x
p(x)
(
∂
∂T
ln p(x)
)2
. (5)
The quantum Fisher information (QFI) is then obtained
by optimizing over all possible POVMs, thereby return-
ing
F(T, ρ) = max
Π
F (Π, T, ρ) = tr(ρΛ2) , (6)
where Λ is the symmetric logarithmic derivative, ob-
tained from solving the Lyapunov equation Λρ + ρΛ =
2∂T ρ. The reciprocal of the Fisher information sets
a lower bound on temperature variance (Crame´r-Rao
bound)
(∆T )2 ≥ 1F(T, ρ) (7)
valid regardless of the choice of estimator used to com-
pute T .
Specifically for measurement of temperature, a canon-
ical benchmark is the thermal Fisher information F th ≡
F(T, ρthS ) which is the quantum Fisher information com-
puted for a thermalised probe. One can show that the
thermal Fisher information for a qubit with frequency
gap Ω is
F th = 1
n¯(n¯+ 1)(2n¯+ 1)2
(
∂n¯
∂T
)2
(8)
where n¯ is the mean bath occupation number at fre-
quency Ω. The corresponding lower bound is called ther-
mal Crame´r-Rao bound.
In our work, the state ρ that is to be measured for
temperature estimation is the state ρ∗A1...Ab of the ancil-
las after the interaction with the system, in the steady
state regime for the system. In what follows, we omit
the dummy bracket (T, ρ) from the Fisher information,
and rather keep track of the initial state of the ancillas
in the superscript and of the number of ancillas that are
collectively measured in the subscript. For instance, the
expression F |g〉N indicates that the ancillas were prepared
3in the single-particle ground state |g〉 (i.e. b = 1), and
the information was extracted by a measurement on N
successive ancillas after the interaction (thus notice that
N is not equal to b in general), see Fig. 1. For the special
case of the thermal state, since the bare Hamiltonian of
the ancilla is single-particle and thus the thermal state
of N ancillas is product, we have F thN = NF th1 ≡ NF th.
Here, we also define
FoptN,b = max
ψ
F |ψ〉N (9)
where |ψ〉 is a state in Hilbert space H = H1 ⊗ .. ⊗Hb.
FoptN,b/F thN would then be a reasonable figure of merit for
our thermometry protocol.
III. INDIRECT MEASUREMENT THROUGH
ZZ-INTERACTION
We now consider a simple toy model where the system
and ancillas are resonant qubits with bare Hamiltonians
HS,An = ~ΩσzS,An . An interesting first choice of interac-
tion is
HZZSAn =
~g
2
σZS σ
Z
An . (10)
This interaction describes the indirect measurement of
the system state in the |g〉 , |e〉 basis [15, 17, 19]. In each
interaction, the incoming ancilla gets rotated clockwise
or counter-clockwise along the z−axis at frequency g/2pi
depending on whether the system is in |g〉 or |e〉. Since
[USAn , HS ] = 0 in this case, the fixed point of the map Φ
in Eq.(4) remains a Gibbs state (ρ∗S = ρ
th
S ). This means
that one can immediately extract information about the
temperature without having to wait for steady state op-
eration.
A natural choice of initial ancilla state would be any
state perpendicular to the Z−axis, e.g. |+x〉 = (|g〉 +
|e〉)/√2 for maximum distinguishability between the co-
and counter-rotating states after interaction. In this
case, the Fisher information is dependent on the SA-
interaction parameter gτSA,
F |+x〉1 =
1− cos(2gτSA)
2
F th. (11)
In the limit of strong SA interaction such that gτSA =
pi/2, Eq. (10) describes an ideal pointer measurement
where |+x〉 becomes a thermal mixture of |±y〉 (which
are orthogonal). The optimal POVM is therefore just
a projective measurement in the y−basis. In this case,
the optimal Fisher information from measuring 1 ancilla
is simply the thermal Fisher information Fopt1,1 = F th.
Hereafter, we shall consider the optimal scenario where
gτSA = pi/2.
With this interaction, the role of the environment is
to periodically induce incoherent energy jumps (or “re-
set” the system), such that each incoming ancilla sees
FIG. 2. Contour plot of ∆/F th for different γτSE and n¯.
The region within the two black dashed line marks ∆ > F th.
a fresh thermal qubit. In the limit γτSE → ∞, one
then expects F |+x〉N → NF th. In the other limit where
γτSE → 0, the system essentially evolves unitarily. If the
system is initially in a thermal state, the state measured
by each ancilla is the same, i.e. we get a maximally corre-
lated state ρSA1...AN = pg |g,+y, ...,+y〉 〈g,+y, ...,+y| +
pe |e,−y, ...,−y〉 〈e,−y, ...,−y|, where pg,e are the ground
and excitation probabilities with pg = (n¯+1)/(2n¯+1). In
this case, the collective measurements of N > 1 ancillas
does not add any information and F |+x〉N → F th.
Hence, the incoming ancillas probe the temperature
not only through the thermal probabilities but also
through the transitions induced by the environment
px→y to bring the system from |x〉 to |y〉. Specifically,
pg→g = 1 − (1 − e−Γ)pe and pe→g = (1 − e−Γ)pg where
Γ = γ(2n¯+1)τSE is the effective thermalization rate. We
show in Appendix A that the quantum Fisher informa-
tion from measuring N ancillas can be expressed as an
arithmetic progression
F |+〉N = F |+〉1 + (N − 1)∆,
∆ =
(
∂n¯
∂T
)2 ∑
k=g,e
pk
pk→gpk→e
(
∂pk→g
∂n¯
)2
.
(12)
Here, ∆ captures the additional information gained by
subsequent ancillas through the transition probabilities
px→y. Clearly, for collective measurements on N → ∞
ancillas, F |+x〉N /N → ∆. Thus, so long as ∆/F th > 1,
this protocol will beat the thermal Crame´r-Rao bound.
Figure 2 shows ∆/F th for different γτSE and n¯. Here,
we see that ∆/F th can be greater than unity especially
in the moderately high temperature limit (n¯ & 1). In
this limit, since the excitation (and ground) probabilities
saturate to 1/2 with F th → 0, the incoming ancillas can
only probe the temperature through the temperature-
dependent transition probabilities, captured by ∆.
IV. EXCHANGE INTERACTION
In the previous section, we considered a non-invasive
indirect measurement of the system’s temperature. As a
4FIG. 3. Contour plots of (a) optimum angle θ and (b)
corresponding quantum Fisher information for a single ancilla
Fopt1,1 normalized to F th for different n¯ and γτSE . The green
dotted line corresponds to 3n¯γτSE = 1 and the black dashed
line in (b) marks Fopt1,1 = F th.
result, the information gained by each ancilla is not inde-
pendent. As a second choice of interaction, we consider
a resonant energy exchange between the system and the
incoming ancillas, governed by
HexcSAn = ~g(σ
+
S σ
−
An
+ h.c.).. (13)
In this case, depending on the initial ancilla state, the
interaction could serve as an additional incoherent ex-
change channel that drives ρ∗S away from a Gibbs state
ρthS [12, 16, 17]. In particular, if gτSAn = pi/2, USA de-
scribes a full swap where the system is reset to the state
of the ancilla, while the ancilla carries away the infor-
mation. For such a full swap, every SA interaction is
like an independent measurement that transfers all the
information contained in ρ∗S to the incoming ancillas. In
this case, we are guaranteed at least FN = NF1, and we
can expect an improvement if the outgoing ancillas are
correlated.
In Ref. [12], it was shown that such an interac-
tion allows one to obtain F |g〉1 > F th at strong SA-
couplings where gτSA ≈ pi/2. Collective enhancement
F |ψ〉N > NF |ψ〉1 was also reported for some single-particle
states |ψ〉, but this happened only at weak SA-couplings
(gτSA  1), and the thermal Crame´r-Rao bound NF th
was not surpassed in this case. Here, we once again con-
sider gτSA = pi/2 and explore strategies that outperform
the thermal Crame´r-Rao bound.
A. Optimal ancilla state for b=1, N=1,2
We start by studying the optimisation of F |ψ〉1 over
the single-particle input state |ψ〉 of the ancilla. The
exchange interaction HexcSA is invariant under any rotation
about the Z axis, thus it is sufficient to consider ancillas
whose Bloch vector lies in the XZ-plane, i.e. the single
parameter family |ψ(θ)〉 := cos(θ/2) |g〉+ sin(θ/2) |e〉.
Figure 3(a) shows the optimal state |ψ(θopt)〉 for dif-
ferent n¯ and γτSE . Unlike H
ZZ
SA where the optimal state
is the same regardless of temperature, we see here that
the optimal state depends on temperature through the
n¯-dependence. Even though we are unable to predict
the exact optimal state (considering temperature is the
parameter we are estimating), we see that θopt  1,
i.e. the optimal state is approximately |g〉. In fact,
for 3n¯γτSE & 1 (above green dotted line), the opti-
mal state is always |g〉. Elsewhere, while the optimal
state deviates slightly from |g〉, we have verified that
F |g〉1 ≥ 0.9957Fopt1,1 . In addition, it is advantageous to
use |g〉 as ancillas since the state ρSA1...AN is always di-
agonal, implying that the optimal POVM would just be
projective measurements in the Z−basis regardless of the
number of ancillas measured.
Here, we also see that compared to the standard mea-
surement interaction HZZSA , an exchange interaction like
HexcSA actually allows us to beat the thermal Crame´r-
Rao bound with just one ancilla, especially in the high-
temperature limit. As an example, when n¯ = 10, the
maximum quantum Fisher information from just one an-
cilla is Fopt1,1 ≈ 77.3F th. Correspondingly, for HZZSA , the
maximum ∆ is approximately 71.8F th, attainable only
for collective measurements N  1.
In Fig. 3(b), we see that the thermal Crame´r-Rao
bound can be beaten for almost all temperatures by the
use of |g〉, so long as we choose a suitable time of inter-
action with the environment τSE . These choices may be
critical for n¯ 1; as soon as n¯ & 1, F |g〉1 > F th holds for
almost any value of τSE as well. The best advantage is
found for large n¯ (high temperature) and low γτSE . This
is not entirely surprising as ρ∗S ≈ ρth for large γτSE , ren-
dering the scheme ineffective in this parameter regime.
To gain more insight on the enhancement, notice that
the use of ground state ancillas at full swap brings the
steady state of the system to
ρ∗S = (1−
n¯(1− e−Γ)
2n¯+ 1
) |g〉 〈g|+ n¯(1− e
−Γ)
2n¯+ 1
|e〉 〈e|. (14)
Similar to the HZZSA , the ancillas are able to probe the
environment not only through the excitation probabil-
ity but also via the effective thermalization rate Γ, thus
contributing to a higher Fisher information. However,
unlike HZZSA which does not perturb ρ
∗
S away from ρ
th
S , a
full swap interaction ensures that any information about
temperature contained in ρ∗S is carried away by each in-
coming ancilla and for |g〉 which does not have coherences
to build up additional correlations, F |g〉N = NF |g〉1 .
Once we allow for collective measurements on multiple
ancillas, we find that the ground state |g〉 is no longer
optimum. Specifically, for N = 2, Fig. 4(a) shows that
the optimal angle θopt can now take values up to pi/4 in
the limit n¯γτSE  1. While the excitation probability
decays to n¯/(2n¯+1) at a rate Γ, the coherences |g, g〉 〈g, e|
and |g, g〉 〈e, g| scale like e−Γ/2 sin 2θ, i.e. apart from near-
zero information gained through the ground and excited
probabilities independent of θ, one also gains additional
information about Γ through the vanishing coherences,
which peaks at θ = pi/4 and decays at half the rate.
Even though there is a collective advantage when
5FIG. 4. Contour plots of (a) optimum angle θ and (b)
corresponding quantum Fisher information for two single-
particle ancilla Fopt2,1 normalized to that of one single-particle
ancilla Fopt1,1 for different n¯ and γτSE . The red dotted line
n¯γτSE = 0.8 marks the approximate region where the op-
timum state is |g〉 and the black dashed line in (b) marks
Fopt2,1 = F th.
γ¯τSE ≈ 0.8 (dotted red), one can always choose a smaller
γτSE for a given n¯ such that the |g〉 still yields a higher
Fisher information. As an example, the maximum en-
hancement in Fig. 4(b) occurs when γτSE ≈ 0.26 and
n¯ = 10 where Fopt2,1 /2Fopt1,1 ≈ 1.65 and Fopt2,1 /2F th ≈ 3.6.
However, in Fig. 3(b), we see that for the same n¯, one
can already attain F |g〉1 /F th ≈ 100 even at a consider-
ably smaller γτSE ≈ 0.04. In other words, ground state
ancillas alone are sufficient for probing the environment
even in the limit of weak system-environment coupling
where γτSE  1.
However, this advantage from collective measurements
decreases with increasing N , with Fopt3,1 /3Fopt1,1 ≤ 1.93
and Fopt4,1 /4Fopt1,1 ≤ 2.06. Therefore, it suffices to con-
sider say N = 1, 2 at gτSA = pi/2 so long as we are not
restricted by the interaction strength or duration, espe-
cially since collective measurements for large N described
by the optimal POVM Πx may not always be feasible to
implement.
B. Optimal ancilla state for b=2, N=2,4
We parametrise the family of two-particle ancilla states
by their Schmidt decomposition
|ψ(r, ~m,~n, α)〉 := √r |+m,+n〉+ eiα
√
1− r |−m,−n〉
(15)
where for k = m,n we write
|+k〉 = cos θk
2
|g〉+ eiφk sin θk
2
|e〉
|−k〉 = e−iφk sin θk
2
|g〉 − cos θk
2
|e〉 . (16)
Again, due to the invariance of HexcSA under rotations
about Z, it is sufficient to consider the five parameters
(r, θm, θn, φn, α) while setting φm = 0.
Figure 5(a) compares the optimal quantum Fisher in-
formation Fopt2,2 /Fopt2,1 from collective measurement on two
FIG. 5. (a) Contour plot of ratio Fopt2,2 /Fopt2,1 , the optimal
Fisher information for b = 2, N = 2 normalized to that of
b = 1, N = 2, for a given γτSE and n¯ and (b) the ratio
F |ψ〉2 /Fopt2,2 , the Fisher information of almost-optimal states
|ψ〉 = |+x, g〉 , |g, g〉 , |g,+x〉 normalized to the optimal Fisher
information for b = 2, N = 2. The black dashed line in (a)
marks both Fopt2,1 = 2F th = 2F th.
ancillas for block sizes b = 1, 2. We see that Fopt2,2 can ex-
ceed twice Fopt2,1 , allowing us to further surpass the ther-
mal Crame´r-Rao bound. Here, the states that give Fopt2,2
are nearly uncorrelated, with r ≥ 0.999994, thereby indi-
cating within numerical precision that, at strong interac-
tion, initial entanglement between ancillas is not required
for metrological advantage.
Similarly to the case of b = N = 1, we could iden-
tify simple product states that are close to optimal –
only here, instead of just one state, we need three:
|g, g〉 , |+x, g〉 and |g,+x〉. Before presenting the evidence
for this, let us highlight that |+x, g〉 and |g,+x〉 describe
the same stream of ancillas, one alternating |g〉 and |+x〉;
they differ only by when the two-body collective measure-
ment is performed.
The parameter regions in which each of these states
is almost optimal is plotted in Fig. 5(b). Specifically,
for each region marked by states |ψ〉 = |g, g〉, |g,+x〉
and |+x, g〉, F |ψ〉2 /Fopt2,2 ≥ 0.909, 0.921 and 0.931 respec-
tively. Here, ρ∗S for both |+x, g〉 and |g, g〉 is given by
(14). This implies that information gained by the first
ancilla via a full swap would be the same for both |+x〉
or |g〉, since they interact with the same system state.
However, should the system be perturbed to |+x〉, the
second ancilla will gain additional information from the
decaying coherences, especially in the high-temperature
limit where the ground and excited probabilities saturate
to 1/2.
From the results so far, we see that the thermome-
try protocol following HexcSA gives us significant advan-
tage in the moderate-to-high temperature limit (n¯ & 1),
but does not beat the Crame´r-Rao bound in the low-
temperature limit (n¯  1). Considering b = N = 2 for
instance, one needs to go to strong and long SE interac-
tions (γτSE ≥ 1) in order to beat the Crame´r-Rao bound
at n¯ ≤ 0.189. Furthermore, we also verified numerically
that there is no significant enhancement even if we con-
sider collective measurements on N > 2 ancillas.
6V. CONCLUSION
In this paper, we have explored the ways that a col-
lisional thermometry protocol can overcome the ther-
mal Crame´r-Rao bound. Both the ZZ−interaction and
the exchange interaction return significant enhancements
in the moderate to high temperature limit (n¯ & 1).
The ZZ−interaction is beneficial in that the strategy
that returns the optimal Fisher information is indepen-
dent of the temperature of the system being measured.
However, one can only surpass the thermal Crame´r-Rao
bound when measuring at least two ancillas collectively.
The exchange interaction, on the other hand, does not
require collective enhancement for significant enhance-
ments over F th. Furthermore, an advantage is observed
over a larger parameter region with the energy exchange
channel. Both interactions display collective advantage
although this advantage diminishes as the number of an-
cilla increases. For blocks of two ancillas, we further
verified that entangled states do not outperform some
product ones.
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Appendix A: Collective enhancement for ZZ interaction
In this appendix, we prove that the collective advantage for HZZSA takes the form of a linear progression
F |+〉N = F |+〉1 + (N − 1)
(
∂n¯
∂T
)2 ∑
k=g,e
pk
pk→gpk→e
(
∂pk→g
∂n¯
)2
. (A1)
To this end, we consider a probability tree in Fig. 6 the measurement outcomes with 4 ancillas. Here, the ground
state probability is pg and pg→g and pe→g are the transition probabilities of staying in the ground state and jumping
from excited state to ground state respectively, and p′i = 1− pi.
To reduce notational clutter, we define two functions: f(x) = x
(
∂ ln x
∂n¯
)2
= 1x
(
∂x
∂n¯
)2
and g(x, y) = f(xy) + f(xy′).
The first function allows us to reexpress QFI of one ancilla as F1 = f(pg) + f(p′g), and the second function simplifies
7FIG. 6. Probability tree diagram of the measurement outcome of 4 ancilla.
the expression of the elements of the Fisher information in the red box in Fig. 6 down to g(p, pg→g). One can easily
show that
g(pg, pg→g) = f(pg) +
pg
pg→gp′g→g
(
∂pg→g
∂n¯
)2
, (A2)
and therefore
F2 = f(pgpg→g) + f(pgp′g→g) + f(p′pe→g) + f(p′gp′e→g)
= g(pg, pg→g) + g(p′g, pe→g)
= f(pg) + f(p
′
g)︸ ︷︷ ︸
F1
+
pg
pg→gp′g→g
(
∂pg→g
∂n¯
)2
+
p′g
pe→gp′e→g
(
∂pe→g
∂n¯
)2
. (A3)
8With this notation, F3 can be calculated as
F3 = g(pgpg→g, pg→g) + g(pgp′g→g, pe→g) + g(p′pe→g, pg→g) + g(p′gp′e→g, pe→g)
= f(pgpg→g) + f(pgp′g→g) + f(p
′
gpe→g) + f(p
′
gp
′
e→g)︸ ︷︷ ︸
F2
+
pgpg→g + p′gpe→g
pg→gp′g→g
(
∂pg→g
∂n¯
)2
+
pp′g→g + p
′
gp
′
e→g
pe→gp′e→g
(
∂pe→g
∂n¯
)2
= F2 + p
pg→gp′g→g
(
∂pg→g
∂n¯
)2
+
p′
pe→gp′e→g
(
∂pe→g
∂n¯
)2
, (A4)
where the last equality comes from substituting the expression for pg→g = Λp′ + 1 and pe→g = Λpg→g.
Following the same methodology, we obtain
F4 = F3 +
pgpg→gpg→g + pgp′g→gpe→g + p
′
gpg→gpg→g + p
′
gp
′
g→gpe→g
pg→gp′g→g
(
∂pg→g
∂n¯
)2
+
pgpg→gp′g→g + pgp
′
g→gp
′
e→g + p
′
gpg→gp
′
g→g + p
′
gp
′
g→gp
′
e→g
pe→gp′e→g
(
∂pe→g
∂n¯
)2
= F3 + p
pg→gp′g→g
(
∂pg→g
∂n¯
)2
+
p′
pe→gp′e→g
(
∂pe→g
∂n¯
)2
. (A5)
The probability terms in blue (second term of first line of (A5)) is the probability that the third ancilla will be
found in the ground state, represented on Fig. 6 by the blue dotted line. This is just pg as the protocol is merely an
ideal pointer measurement of the system, which is always in the Gibbs state. Similarly, the terms in red (term on
second line of (A5)) come from the dashed dotted lines in Fig. 6 and will reduce to p′g. Therefore, we can conclude
by induction that Eq. (A1) is true.
